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STEP LENGTH FORMULA OF BED-LOAD SEDIMENT AND 
ITS APPLICATION TO DUNE-BED 
 
 
Hiroshi Miwa1 and Atsuyuki Daido2 
 
 
ABSTRACT 
 
A stochastic sediment transport model consists of a pick-up rate and a step length of sediment 
particles. Einstein (1950) assumed that the mean step length of uniform bed-load sediment particle is 
approximately 100 times of its diameter. After that, some estimation methods and formulas have 
been presented. As for graded sediments, Nakagawa et al. (1982b) found that the mean step length 
of each particle is approximately 10-30 times of its diameter. Almost all of the previous works for 
step length have been conducted for coarse particles on flat beds. Therefore, step lengths for fine 
particles and non-flat bed have been not always discussed. Since the particle diameter and status of 
bed influence to the grain-size Reynolds number and variation coefficient of velocity, we propose 
the mean step length formula which considers these two parameters. The proposed step length 
formula is applied to sediments on flat bed and dune-bed, and is verified with the direct and indirect 
measurement values. 
 
 
1. INTRODUCTION 
 
A pick-up rate (or rest period) and a step length for sediment particle are basic components of a 
stochastic sediment transport model. The pick-up rate can be formulated analytically based on the 
dynamic model, which considers fluctuations of hydrodynamic forces acting on a sediment particle. 
Some estimation formulas of sediment pick-up rate have been presented, and have been applied to 
not only a flat bed but also dune beds (Miwa et al., 2000). However, it is difficult to formulate 
analytically step length because it depends on the movement process of a sediment particle. 
Therefore, the step-length is often expressed by the mean step length and its probability density 
function. It is often used that the mean step length is approximately 100 particle diameters assumed 
by Einstein (1950). After that, some estimation methods of step length have also been developed, 
and relationships between step length and tractive force have been presented. However, since many 
of previous works were developed for a coarse grain on a flat bed, effects of velocity variation and 
grain-size Reynolds number on step length were not examined explicitly. Therefore, previous 
methods for estimation of step length cannot always be applied to wavy beds such as dune-bed 
because velocity variation coefficient and grain-size Reynolds number may differ in a place on the 
bed. As for graded sediments, Nakagawa et al. (1982b) showed that the mean step length of each 
particle on flat bed is approximately 10-30 particle diameters. However, investigations of step length 
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for graded sediments have been hardly developed. In this study, we propose the mean step length 
formulas for uniform and graded sediment, and apply them to dune-bed. That is, an average speed of 
a moving particle on a flat bed composed of uniform sediment is formulated first. And, a mean step 
length is formulated from the average speed formula and a moving period derived from the impulse 
equation. The mean step length formula is extended to graded sediments, next. Finally, the step 
mean length formulas are applied to the estimation of mean step length on dune-bed. 
 
 
2. BED-LOAD TRANSPORT AND MEAN STEP LENGTH FORMULA 
 
2.1 Connection between Dislodgement and Transport of Particle, and Particle Speed 
 
A motion of sediment particle on beds consists of the processes of dislodgement, transport and rest, 
the finish of dislodging process corresponds to the start of the transport process. In this study, we 
assume that a dislodged particle inevitably travels in some distance. In addition, we apply the critical 
shear stress for the pick-up rate to the step length too. Therefore, the particle speed just after 
dislodgement corresponds to the initial speed of particle in the transport process. 
The dynamic equation for rolling motion of dislodging particle is written as (Miwa et al. 2000) 
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where θ  = angle of contact with the center of gravity of the lower adjacent particle, d = particle 
diameter, g = gravitational acceleration, σ = density of particle, ρ = density of fluid, CM = added 
mass coefficient, kp = radius of gyration, ε = sheltering coefficient, A2, A3 = two and three 
dimensional geometric coefficients of particle respectively, CD = drag coefficient, u = mean flow 
velocity to particle in primary flow direction, u’, v’ = turbulence components in primary flow 
direction and its orthogonal direction respectively and kL = CL /CD; CL = lift coefficient. 
We assume the external force acting on the particle is constant during dislodgement in order to 
simplify the following calculation, and we use β0 instead of θ in eq.1. And, integrating eq.1 under 
the conditions of dθ /dt =0 and θ =0 at t =0, the angular velocity and angle of contact in dislodging 
process are derived as follows: 
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in which, 
 ( )gdVV 1* −≡ ρσ  ,   ( )gdVV cc 1* −≡ ρσ  (8) 
 
where β0 = angle of escape, which means the necessary angle for dislodgement. Calculating the 
necessary time for dislodgement of particle from eq.7 and substituting it to eq.6, the angular velocity 
at the completion of the dislodgement is expressed as follows: 
 
 ( ) ( ){ }( ) 2/12*2*000**10 cossin2 ⎥⎦⎤⎢⎣⎡ −−+−= cLp VVkCBdgk φβφββω  (9) 
 
where k1 = correlation coefficient for change of angular velocity of dislodging particle. By applying 
vp0 = d/2•ωp0, which means the perfect rolling motion, to eq.6 and transforming V* and V*c into τ* 
and τ*c respectively, eq.9 is rewritten as follows: 
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where u = reference flow velocity acting on particle, u* = shear velocity. Since eq.12 does not 
include the effect of velocity variation on τ*c, the following equation (Miwa & Daido, 2000) which 
considers that effect is used instead of eq.12. 
 
 ( )2*2**0 741 55.0 ηητ ++= CAk c  (13) 
 
where η = velocity variation coefficient, which is defined as the ratio of the standard deviation to the 
mean value for velocity. k0 means the effect of η on dislodgement of particle. Eq.13 gives the 
dimensionless critical shear stress for dislodgement of particle. Then, eq.10 is expressed as follows: 
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Eq.14 shows the initial speed formula of dislodged particle. A* in eq.14 is given by the logarithmic 
law (Einstein, 1950) as 
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where κ = Kármán constant (=0.4), ks = equivalent sand roughness (=d) and χ = corrective 
  4 
parameter as function of grain-size Reynolds number; Re* (= u*ks/ν; ν = kinetic viscosity). The value 
of χ can be calculated from approximate equations in Table 1 (Murakami, 1992). The datum of bed 
is the height of the center of gravity of the downstream adjoining particle. Then, u  is given by y = 
cosβ0 with β0 = π/4. The value of B* expressed by eq.2 is 0.374 as CM = 0.5 and σ = 2.65 for 
spherical particle. ε = 0.4, A2 = π/4, A3 = π/6 are given in eq.3. The drag force coefficient CD is given 
by the following equation (Nakagawa & Tsujimoto, 1986). 
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Table 1 Approximate equation of χ according to Re*. 
 
Re* (= u*ks/ν) χ Re* (= u*ks/ν) χ 
             Re* < 4.64 0.20+0.2267Re* 23.4 ≤ Re* < 34.8 1.38+0.0158(Re*-23.4)
4.64 ≤  Re* < 6.96 1.25+0.1070(Re*-4.64) 34.8 ≤ Re* < 46.4 1.20+0.0086(Re*-34.8)
6.96 ≤  Re* < 9.28 1.50+0.0043(Re*-6.96) 46.4 ≤ Re* < 58.0 1.10+0.0052(Re*-46.4)
9.28 ≤  Re* < 11.6 1.60+0.0086(Re*-9.28) 58.0 ≤ Re* < 69.6 1.04+0.0034(Re*-58.0)
11.6 ≤  Re* < 17.4 1.62+0.0138(Re*-11.6) 69.6 ≤ Re* 1.00
17.4 ≤  Re* < 23.4 1.54+0.0267(Re*-17.4)
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Figure 1 Particle speed just after dislodgement from bed. 
 
Figure 1 shows the comparison of eq.14 with the measurement values by Nakagawa et al. 
(1979) and Murakami et al. (1981) for particle speed just after dislodgement from the bed, provided 
that η = 0.225 (reference value for flat bed) and k1 = 1.5 are introduced in eq.14. It is found that 
eq.14 roughly can express the trend of measurements. 
 
2.2 Particle Movement after Dislodgement and Mean Step Length Formula 
 
It is assumed that a sediment particle that has been dislodged from a bed stops after traveling for Δt. 
The impulse equation for this phenomenon can be expressed as follows: 
 
 ( ) tFvdA pp Δ⋅=− 33ρσ  (17) 
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where vp =average speed of particle from start to stop of its motion. Fp means some forces acting on 
particle such as drag force, lift force, gravity force and friction force. These forces are different in 
particle motion types, which are sliding, rolling and saltation. In this study, Fp is given in simple 
form as 
 
 2222
1
pDp udACF ρα=  (18) 
 
where α = proportionality constant and up = reference velocity acting on moving particle. From 
eqs.17 and 18, the necessary time for one step of particle is derived as follows: 
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Eq.14 shows that vp0 is proportion to τ*1/2 in large τ*. Sekine (1988) showed that vp is 
proportion to τ*1/4 through the flume experiments and numerical simulations for saltation particle 
motion. Then, vp can be written by using vp0 as 
 
 4/1*02 τpp vkv =  (20) 
 
where k2 = proportionality coefficient. Substituting eq.14 into eq.20, average speed of moving 
particle is expressed as follows: 
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Figure 3 shows the calculation results by eq.21 and the experimental results by Francis (1973), 
Sekine (1988) and Wiberg & Smith (1989) for average speed of moving particles on flat beds, 
provided that k2=7 is introduced in eq.21. The experimental results show that the sediment density 
and grain-size Reynolds number affect the average particle speed. It is found that eq.21 may explain 
the tendency of experimental results. 
 
10–2 10–1 100 101
10–1
100
101
τ*
v p
 / 
 g
d
Francis
d=0.75 cm
d=0.22 cm
d=0.75 cm
σ/ρ=2.65
d=0.35 cm
σ/ρ=2.65
σ/ρ=1.056
σ/ρ=1.056
Sekine
d=0.50 cm σ/ρ=2.50
σ/ρ=2.65
σ/ρ=1.056
10–2 10–1 100
10–1
100
101
τ*
v p
 / 
 g
d
Wiberg et al.
d=0.33 cm
d=0.08 cm
d=0.05 cm
Re*=170–482
Re*=17–41
Re*=9–21
Re*=∞
Re*=30
Re*=15
  
Figure 3 Evaluation of effects of specific gravity and grain-size Reynolds number on 
average speed of moving particles for uniform sediment on flat bed. 
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The mean step length can be expressed as follows: 
 
 tv p Δ⋅=Λ  (22) 
 
Substituting eqs.19 and 21 into eq.22 and using eq.3, mean step length formula is yielded as follows: 
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where A*0=up/u*. up is velocity at the center of gravity of the target particle which is located on the 
downstream adjoining particle, and is given as 
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Figure 4 shows the comparison of eq.23 with the measurement results in flat beds obtained by 
Shinohara & Tsubaki (1957), Takahashi (1966), Yano et al. (1968), Nakagawa et al. (1982b) and 
Murakami et al. (1991), provided that α =0.007  is introduced. The calculation results by eq.25 
(Nakagawa et al., 1982a) which introduced the Nakagawa & Tsujimoto’s pick-up rate formula ps* 
and sediment transport equations qB* (Meyer-Peter & Müller ①, Ashida & Michiue ②), and the 
theoretical formulas (based on sliding motion ③ and saltation motion ④) proposed by Murakami et 
al. (1991) are also shown in the figure. 
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Since the measurement data cannot always express distinct tendencies due to difficulty of 
measurement of step length, it is difficult to confirm efficiency of the estimation equations and 
methods. However, the proposed equation roughly explains the measurement results. 
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Figure 4 Verification of mean step length formula for coarse sand in flat bed. 
  7 
Figure 5 shows the effects of velocity variation and grain-size Reynolds number on mean step 
length. The significant step length is identified even if the dimensionless tractive force becomes 
small as the velocity variation coefficient becomes large. In particular, dimensionless tractive force 
which is less than the critical dimensionless tractive force occurs around the re-attachment point of 
flow on dune-bed as mentioned later. On the other hand, the grain-size Reynolds number also affects 
the step length. 
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Figure 5 Effects of η and Re* on mean step length. 
 
2.3 Application to Graded Sediment 
 
The mean step length for uniform sediments was formulated by the average speed formula and the 
moving period of single particle derived from the impulse equation. We formulate the mean step 
length for graded sediments by same manner. At first, the average speed formula for moving particle, 
Eq.21, is rewritten as follows: 
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Figure 6 shows the comparison of eq.26 with the measurement results by Nakagawa et al. 
(1982b) for average speed of moving particles in graded sediment beds. Nakagawa et al.’s 
experiments were conducted by using graded sediments with different standard deviation, σg. Since 
eq.26 does not consider the effect of σg, it can estimate the average speed reasonably in case of 
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σg=1.44, but not larger particles than mean particle size in cases of σg=1.83 and 1.91. Even 
Nakagawa et al.’s average particle speed formula which considers σg cannot estimate clearly effects 
of σg on the speed. 
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Figure 6 Evaluation of average speed of moving particles for each grain size in graded 
sediment on flat bed; data points are from Nakagawa et al. (1982b). 
 
The impulse equation for a uniform particle, eq.17 with eq.18, is extended to each particle size, 
di, in graded sediments as follows: 
 
 ( ) tFvdA pipii Δ⋅=− 33ρσ  ,   piiiDpi udACF 2202
1 ρα=  (30) 
 
where upi is velocity at the center of gravity of the target particle, di, which is located on the 
downstream adjoining particle, which is regarded as mean grain diameter. The mean step length for 
each particle size is yielded by the same manner as uniform sediment, as follows: 
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Eq.31 is the same as eq.23 in case of di/dm=1. Figure 7 shows the comparison of eq.31 with 
measurement values by Nakagawa et al. (1982b) for mean step length of each grain size on flat beds 
composed of graded sediments with different σg. “Indirect measurement” in the figure means that 
the mean step length had been indirectly obtained according to the following equation: 
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in which 
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The mean step length in graded sediments is approximately as long as 10-30 particle diameters as 
pointed out by Nakagawa et al. It is found that eq.31 roughly estimate the mean step length of each 
grain size within the Nakagawa et al.’s experiments. Their experimental results had be obtained 
under the conditions of τ*i ≤ 0.1, there are no data for mean step length under the higher tractive 
force. As for this, it is necessary to conduct further works. 
 
10–2 10–1 100
100
101
102
103
τ*i
Λ
*i 
= 
Λ
i /
 d
i
0.62
0.89
1.23
ζ=0.3
0.5
σg=1.5
ζ=di/dm
1.76
0.7
1.0
1.5
2.0
3.0
Indirect Measurements
10–2 10–1 100
100
101
102
103
τ*i
Λ
*i 
= 
Λ
i /
 d
i
0.56
0.79
1.10
ζ=0.3
0.5
σg=2.0
ζ=di/dm
1.57
0.7
1.0
1.5
2.0
3.0
Indirect Measurements
10–2 10–1 100
100
101
102
103
τ*i
Λ
*i 
= 
Λ
i /
 d
i
0.51
0.74
1.01
ζ=0.3
0.5
σg=2.5
ζ=di/dm
1.45
0.7
1.0
1.5
2.0
3.0
Indirect & Direct Measurements
Indirect Meas.
Direct Meas.
0.51
0.74
1.01
1.45
  
Figure 7 Verification of mean step length for each grain size in graded sediments on 
flat bed; data points are from Nakagawa et al. (1982b). 
 
 
3. APPICATION OF MEAN STEP LENGTH FORMULA TO DUNE-BEDS 
 
3.1 Spatial Change of Hydraulic Variables 
 
The velocity variation coefficient η, grain-size Reynolds number Re* and bed shear stress τ are 
usually constant on flat beds but they differ in location on dune-beds. Thus, they might affect the 
step length. However, effects of their spatial changes on mean step length cannot be considered in 
the proposed mean step length formulas. In this study, the mean step length is estimated by using the 
values of these parameters at the pick-up point of the particle. 
In the estimation of mean step length, the effect of velocity variation is introduced in eqs.13 
and 29 as following form (Miwa et al., 2000): 
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where σu and σv = turbulence intensity of u and v, respectively, ρ0 = correlation coefficient between 
u’ and v’ (-0.45). σu and σv on dune-bed can be given as follows (Miwa et al., 2000): 
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where ψ = x/L, n = 4.25, ψ 0 = 0.3. 
The critical tractive force in eqs.23 and 31 are given by the following equations in 
consideration of the inclination of dune-surface. 
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where λ’ = inclination of dune-surface (= tan-1{λ/(1-λ/tanγ )}; λ = dune steepness (=H/L), γ = 
inclination of lee face). 
The bed shear stress distribution along dune-surface can be estimated by the following 
equation (Miwa & Daido, 1992). 
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 ( ) 4/12 CAB=Π  ,  ( ) ( ){ } 2/11 121 −− −−= λξζ nB  ,  ( ){ }22 26.0 BFAC r ⋅+≅ λ  (41) 
 
where x’ = distance along dune-surface from reattachment point of flow, ζ = H/hm, ξ = L/hm and A = 
8.94. The value of χ is given by Table 1. 
Figure 8 shows an example of the distributions of η, Re* and τ* on dune-surface. Re* and τ* 
sharply increase at the reattachment point of flow, and gradually increase toward the crest but η 
gradually decrease toward the crest. 
 
0 0.5 1
10-3
10-2
10-1
100
100
101
102
103
x / L
UK-3
τ
*, 
η
η
τ* R
e*
Re*
Reattchment
point of flow
Crest
 
 
Figure 8 Distributions of η, Re* and τ* on dune-surface (hydraulic conditions are shown in Table 2). 
 
3.2 Measurements of Mean Step Length 
 
In this study, the measurement of mean step length is conducted indirectly by using eq.25 and eq.34. 
The direct measurement was not conducted because it is very difficult for fine grains to be pursued. 
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In order to estimate mean step length from these equations, a sediment transport rate and a pick-up 
rate at any point on a dune-bed have to be measured. 
Experiments were conducted in a straight rectangular open channel with a length of 14 m, a 
width of 0.2 m and a depth of 0.3 m. Seventeen dune models were set in the channel. The dune 
model has wavelength L of 40 cm, wave height H of 2 cm and slope of lee face γ of 45 degrees. The 
tenth dune model from the lowest dune model was consisted of eleven block-units as shown in 
Figure 9. Each block-unit can become an alluvial part by replacing the block-unit with sediments. 
Two kinds of sediment with almost same mean grain diameter were used in the experiments. Their 
grain size distributions are shown in Figure 10. The uniform sediment has the mean grain diameter 
dm of 0.057 cm, the geometric standard deviation σg (= (d84/16)1/2 where d84 and d16 are the grain 
sizes for which 84 % and 16 % of the sediment is finer respectively) of 1.30 and the specific gravity 
σ of 2.65. The graded sediment has dm = 0.057 cm, σg = 1.70 and σ = 2.66. 
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             Figure 9 Sand wave model.                  Figure 10 Grain size distributions of sediment used. 
 
Sediment transport rate was specified by measuring the weight of sediments in the sand trap as 
shown in Figure 11. The measuring period was set in approximately 30 to 60 seconds. The 
sediments which passed the trap were also contained in the transported sediments. All sediments 
were transported as bed-load, and not as suspended-load. Pick-up rate was specified by measuring 
the weight of sediments dislodged from the alluvial part as shown in Figure 12. The measuring 
period was set in approximately 15 to 30 seconds in order to prevent over-erosion of sediment in the 
alluvial part (Miwa et al. 2000). 
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0 40
bed-load sand
sand trap
qB(x)
        x (cm)
0 40
picked-up sandps(x)
 
 
Figure 11 Measurement of sediment transport rate.       Figure 12 Measurement of pick-up rate. 
 
The experimental conditions are listed in Table 2. UK and GK in the Run No. column mean 
the uniform sediment and graded sediment, respectively. qw = water discharge per unit width of the 
channel, hm = mean flow depth, Ie = energy slope, Fr = Froude number, *u  = mean shear velocity 
that a side wall effect is expected by using Einstein’s method (Einstein, 1941) and *eR  = grain-size 
Reynolds number (= *u dm/ν). 
10 c
m
3 cm
block unitsediment
replace
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Table 2 Experimental conditions. 
 
qw hm Ie Fr *u  *eR  Run No. Sand 
(cm2/sec) (cm) (x10-3)  (cm/sec)  
UK-1 250 7.12 2.63 0.42 3.88 22.1 
UK-2 350 8.98 2.48 0.42 4.12 23.5 
UK-3 
Uniform 
sediment
400 9.90 2.50 0.41 4.32 24.6 
GK-1 350 8.98 2.48 0.42 4.12 23.5 
GK-2 
Graded 
sediment 400 9.90 2.50 0.41 4.32 24.6 
 
 
3.3 Verification of Mean Step Length Formula 
 
Figure 12 shows the estimation results of mean step length by eq.23 and the indirect 
measurement values for uniform sediment. It is found that the mean step length in measurements 
gradually increases from the reattachment point of flow. The estimated results express this tendency. 
The estimation results by eq.31 and the indirect measurement values for graded sediment are shown 
in Figure 13. Smaller particle shows larger dimensionless step length Λ*i (the ratio of mean step 
length to particle diameter) at any point on dune-bed. Although the indirect measurement data are 
not orderly, the estimation results may express the tendency of mean step length of each particle on 
the dune-bed. 
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Figure 13 Estimation results of mean step length for uniform sediment on dune-bed. 
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Figure 14 Estimation results of mean step length for graded sediment on dune-bed. 
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4. CONCLUSIONS 
 
The results obtained in this study are summarized as follows: 
(1) Mean step length for bed-load particle on uniform and graded sediment beds was formulated by 
the average speed formula of moving particle and the moving period derived from the impulse 
equation. The mean step length formulas were verified with the direct and indirect measurement 
results for coarse particles on flat beds. 
(2) The mean step length increases as velocity variation coefficient and grain-size Reynolds number 
increase even if the bed shear stress is same. 
(3) The mean step length formulas were applied to the uniform and graded sediments on dune-beds 
and estimation results of mean step length were verified with the indirect measurement results. 
(4) The mean step length on dune-beds gradually increases from the re-attachment point of flow. In 
case of graded sediment, smaller particle shows larger dimensionless step length (the ratio of mean 
step length of particle diameter) at any point on dune-bed. 
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